A tremendous amount of research has been done in the last two decades on (s, t)-core partitions when s and t are positive integers with no common divisor. Here we change perspective slightly and explore properties of (s, t)-core and (s,t)-core partitions for s and t with nontrivial common divisor g.
Introduction and background
1.1. partitions, cores and bar-cores. Let n be a positive integer. A partition λ of a nonnegative integer n is a non-decreasing sequence of positive integers, called parts, that sum to n. We let |λ| = n be the size of λ. A partition λ can be visualized in terms of its Young diagram [λ], a graphic representation of λ in which left-and top-aligned rows of boxes correspond sequentially to the parts in the partition. [When the context is clear we will abuse notation and let λ refer to both the Young diagram and the partition.] A hook H ιγ of [λ] with corner (ι, γ), using matrix notation, is the set of boxes in the same row and to the right of (ι, γ), in the same column and below (ι, γ), and (ι, γ) itself. Then H = {H ι,γ | ι, γ ≥ 1} is the hook set of λ. The set {H ι1 | ι ≥ 1} consists of the first column hooks of [λ] . The hook length h ιγ (or (or |H ιγ |) of H ιγ is the number of boxes in the hook. The set {h ιγ } will be called the set of hook lengths of λ. In particular, the set {h γ } of first column hook lengths of λ completely determine the partition. The Young diagram [λ ∨ ] of the conjugate partition λ ∨ of λ is obtained by exchanging rows and columns Date: September 27, 2019. of the Young diagram of [λ] . We say λ is a self-conjugate partition if λ = λ ∨ . A self-conjugate partition is completely determined by its set of diagonal hook lengths ∆(λ) = {h ii }.
Let {h ιγ | ι, γ ≥ 1} be the multiset of hook lengths of λ (including repetitions). A t-hook is a hook of length t. For fixed t, the partitions whose set of hook lengths does not contain any multiple of t are known as t-core partitions. The positivity of t-core partitions (see Theorem 1.1 below) was proved in several steps: K. Erdmann and G. Michler [8] considered t = 5 and 7, K. Ono [28] 4 ≤ t ≤ 11, and A. Granville and K. Ono [13] completed the remaining cases. Later I. Kiming [18] shortened some arguments. Theorem 1.1 (Positivity). Every non-negative integer n has at least one t-core partition for t ≥ 4.
Bar partitions are partitions with distinct parts. One obtains the shifted Young diagram of a bar partition by shifting the ith row in the Young diagram i − 1 boxes to the right. The shift-symmetric diagram is then obtained by adjoining the parts of λ as columns to the shifted diagram. Then there is an analogous definition of a bar-hook and bar-hook-length, seen on the shift-symmetric Young diagram. The bar-hook lengths are the hook lengths of the boxes of the shifted Young diagram embedded in the shift-symmetric Young diagram [5] . The shifted Young diagram is seen below, with bar-hook lengths included. The bar hook lengths of λ are obtained by considering the hook lengths of the boxes in the shifted Young diagram embedded in the shift-symmetric diagram.
Theorem 1.4. Every non-negative integer n has at-core partition for t ≥ 7 and odd.
The next theorem is a recent result of J. Yang which connects self-conjugate t-core partitions andt-core partitions. Theorem 1.5. [31, Theorem 1.1] Let t be odd. There is a correspondence between the self-conjugate t-cores andt-core partitions.
1.2. Generating functions. Euler determined the generating function P for the number p(n) of partitions of n:
The generating function F t for the number f t (n) of t-core partitions of n was first obtained by J. B. Olsson [22] .
F. Garvan, D. Kim, and D. Stanton (Eqs. 7.1(a) and (b) in [11] ) first described the generating function F * t for the number f * t (n) of self-conjugate t-core partitions of n. We use a formulation that appears in [4] .
) if t is odd. The generating function Ft for the number ft(n) oft-core partitions of n was also found by Olsson [25] .
Simultaneous core partitions with no common divisor. A simultaneous core partition is a partition whose set of hook lengths avoids a specified subset of positive integers. An (s, t)-core partition is both an s-core and a t-core partition, where s, t > 1. For the rest of the paper we let g :=gcd(s, t).
The following result by J. Anderson (Section 3, [2]) describes, when g = 1, the possible first-column hook lengths of an (s, t)-core partition. Lemma 1.6. Let s, t > 1 and g = 1. The first-column hook lengths of an (s, t)core partition are of the form (st − s − t) − (ks − lt) for some k ≥ 0 and l ≥ 0. In particular st − s − t is the largest possible first-column hook length of an (s, t)-core partition. Furthermore, if (st − s − t) − (k s − l s) is a first-column hook length for some (s, t)-core partition λ, then so is (st − s − t) − (ks − lt) for all k > k and l > l .
In particular, Lemma 1.6 implies a correspondence between (s, t)-cores a family of monotonic paths in a certain s × t lattice. [A lattice path is monotonic if it only moves one position up or one position to the right at every step.] The lattice and paths are constructed in the following way. The left-and-topmost box, with upper-left corner labeled (0, s), contains the value st−s−t. One horizontal position right from (0, s) is the box whose upper left corner is labeled (1, s) , and the value in that box is st − 2s − t (a reduction by s). One vertical position down from (0, s) is the box with label (0, s − 1); the value inside is st − s − 2t. Complete the lattice coordinates with their values in this fashion. Now consider a lattice path π from the bottom left-most corner position labeled (0, 0) to the top rightmost corner position labeled (t, s) that stays above and does not cross the border between the positive and negative values (the ±border). Then, by construction, the values trapped between π and the ±border will all be positive, and are exactly the first-column hook lengths of λ π some (s, t)-core partition. Example 1.7. Let s = 7 and t = 11. Anderson's lattice is shown below. The monotonic path π appearing in the lattice corresponds to the (7, 11)-core partition λ π whose first-column hook lengths {h γ1 } 1≤γ≤5 = {13, 10, 9, 8, 6, 5, 3, 2, 1} are the values trapped between the (solid) path and the (dashed) ±border. This corresponds to the partition λ π = (5, 3 The condition on the monotonic paths above is equivalent to "staying above the diagonal" (also illustrated in Example 1.7). Anderson uses this to prove that the number of (s, t)-core partitions is 1 (s+t) s+t t . J. B. Olsson and D. Stanton [27] showed that the largest size of such an (s, t)-core partition is (s 2 −1)(t 2 −1)
24
, verifying a conjecture of B. Kane [17] . In particular such a largest size (s, t)-core is selfconjugate. The Armstrong conjecture [1] , verified by P. Johnson [16] and V. Wang [29] (using different methods) says that the average size of a (s, t)-core partition is (s−1)(t−1)(s+t+1) 24
when g = 1.
1.4. Simultaneous self-conjugate core and bar-cores with no common divisor. Let s, t > 1 be odd. We use the notation (s, t) * -core partition to indicate an (s, t)-core partition that is also self-conjugate. B. Ford, H. Mai and L. Sze [9] construct a bijection between (s, t) * -core partitions and monotonic paths in a certain s 2 × t 2 lattice which we call the diagonal hooks diagram. As a consequence, they find that, when g = 1, the number of self-conjugate (s, t)-core partitions is
A bar-partition is said to be an (s,t)-core if it is both ans-core and at-core. In the case that s, t > 1 are odd and g = 1, C. Bessenrodt and J. B. Olsson [6] construct a bijection between (s,t)-core partitions and monotonic paths in a s−1 2 × t−1 2 array, called the Yin-Yang diagram. As a consequence they find the number of (s,t)-core partitions and the size of the (s,t)-core which "contains" all others.
We outline the Ford, Mai and Sze construction as well as that of Bessenrodt and Olsson in Section 4.2.
1.5. Simultaneous core partitions with common divisor. When g > 1, there are infinitely many (s, t)-cores, self-conjugate (s, t)-cores and (s,t)-cores, so there is no largest such partition. However, some properties of (s, t)-cores for g = 1 remain true when g > 1 (e.g. [12] and [20] generalize results in [26] ). D. Aukerman, B. Kane and L. Sze first characterized an (s, t)-core partition λ in terms of its g-core Cor g (λ) and g-quotient Quo g (λ), which we define formally in Section 2.1..
Let λ be any integer partition, s = s g and t = t g, and let Quo g (λ) = (λ 1 , . . . , λ g ) be the g-quotient of λ. Then λ is an (s, t)-core if and only if λ 1 , . . . , λ g are (s , t )-cores.
They obtain, as a corollary, a generating function ψ s,t for the number of (s, t)core partitions of n. Corollary 1.9. [3, Corollary 4.3] With the above notation, we have
where F g is the generating function for the number of g-core partitions.
They also find the generating function for the number of self-conjugate (s, t)cores when g > 1.
Theorem 1.10. [3, Theorem 7.1] The generating function ψ * s,t for the number of self-conjugate (s, t)-cores with g > 1 is given by
Aukerman, Kane, and Sze also obtain a result on the number of (s, t)-core partitions which are not g-cores, and the existence of a t-core partition of n that is not a g-core.
Theorem 1.11. [3, Corollary 4.4] If g > 1, s > 1 and t > 1, then there are infinitely many (s g, t g)-cores which are not g-cores.
Theorem 1.12. [3, Corollary 1.2] Let g ≥ 4 be an integer. Then, for any integers n ≥ g and t > 1, there exists a partition of n which is a t g-core but not a g-core.
Aukerman, Kane and Sze do not consider (s,t)-core partitions with g > 1; they are considered here for the first time.
1.6. Outline of paper. We begin, in Section 2.1, by reproving, in a succinct fashion, Theorems 1.6 and 1.8 and Corollary 1.7 of Aukerman, Kane, and Sze using known properties of the g-core and g-quotient. We extend these results to selfconjugate (s, t)-core partitions and (s,t)-core partitions in Section 2.2 and Section 2.3.
In Section 3.1 we again reprove Corollary 1.9 in a succinct fashion before strengthening Theorem 1.10 for g ≥ 4. In Section 3.2 and Section 3.3 we move to analogous results for self-conjugate (s, t)-core partitions and (s,t)-core partitions. In each case, we also set s = t to strengthen existing positivity.
We give a new, shorter proof of Theorem 1.5 in Section 4.1. In Section 4.2 we provide a bijection between self-conjugate (s, t)-core partitions and (s,t)-partitions when s and t are odd and g = 1 using the work of Ford, Mai and Sze, Bessenrodt and Olsson. We combine those results with our work from Section 2.3 to show in Section 4.3 that there is a bijection between self-conjugate (s, t)-core partitions and (s,t)-core partitions when s, t, g are all odd and nontrivial.
In Section 5 we show how the generating functions mentioned above inherit Ramanujan-type congruences.
2. Generating functions.
2.1.
Simultaneous core partitions with common divisor. We start with some relevant background. For more details we refer the reader to [25, Section 3] . A tcore or t-core partition is any partition whose set of hook lengths avoids t, or has no t-hooks. More generally, the t-core of λ, denoted Cor t (λ) is obtained by removing from λ all of its hooks of length divisible by t. If a partition has w such t-hooks, then the t-quotient Quo t (λ) is an t-tuple (λ 1 , . . . , λ t ) of partitions whose sizes add up to w. The integer w is then called the t-weight of λ, and Cor t (λ) is a partition of n − wt. The fundamental property of Quo t (λ) is that it contains all the information about the hooks of length divisible by t in λ. The following lemma and proposition are well-known. Lemma 2.1. If λ is a partition of n, and if t is any positive integer, then λ is completely and uniquely determined by its t-core Cor t (λ) and t-quotient Quo t (λ). Proposition 2.2. For any integer k ≥ 1, there is a canonical bijection between the set of hooks of length kt in λ and the set of hooks of length k in Quo t (λ), where a hook in the t-quotient is simply a hook in any of λ 1 , . . . , λ t .
Let s = s g and t = t g, with g > 1. We are now provide new, succinct proofs of Theorem 1.8 and Corollary 1.9. We note that the approach here provides the blueprint for many of the results that follow.
Proof of Theorem 1.8. Recall that λ is an s-core if and only if λ has no hook of length divisible by s = s g. Now, by Proposition 2.2, there is a bijection between the set of hooks of length ks = ks g in λ and the set of hooks of length ks in Quo g (λ) for any k ≥ 1. Hence λ is an s-core if and only if λ 1 , . . . , λ g are s -cores. Similarly, λ is a t-core if and only if λ 1 , . . . , λ g are t -cores. The result follows.
We write Q s ,t (g, w) for the number of g-tuples of (s , t )-cores of weight w, and ψ s,t (n) for the number of (s, t)-cores of an integer n.
Proof of Corollary 1.9. The proof is similar to that of [25, Proposition (9.4)(iii)], and follows from a counting argument using Theorem 1.8. Each (s, t)-core partition λ of n is completely and uniquely determined by its g-core Cor g (λ) and g-quotient Quo g (λ). And, by Theorem 1.8, if λ has g-weight w, then Quo g (λ) can be any g-tuple of (s , t )-cores of weight w. We have
Equation (1) can be transformed into the generating function
as claimed.
2.2.
Simultaneous self-conjugate cores with common divisor. We consider self-conjugate (s, t)-core partitions, or (s, t) * -core partitions. Our description of the core and quotient of a self-conjugate (s, t)-core partition is a consequence of the following lemma which appears in [14] . Lemma 2.3. Let t be any positive integer, λ be a partition, and Quo t (λ) = (λ 0 , . . . , λ t−1 ). Then λ is self-conjugate if and only if Cor t (λ) is self-conjugate and
Proof. This follows from Theorem 1.8 and Lemma 2.3.
Letψ * s,t (n) be the number of self-conjugate (s, t)-core partitions of n.
Proof of Theorem 1.10. If λ is any self-conjugate (s, t)-core of n of g-weight v, then Cor g (λ) can be any self-conjugate g-core of n − vg. If g is even, then Quo g (λ) has the form (λ 0 , . . . , λ g
, and (λ 0 , . . . , λ g 2 −1 ) can be any g 2 -tuple of (s , t )-cores whose sizes add up to w such that v = 2w. The number of such λ's is thus
in this case. If g is odd, then
) can be any g−1 2 -tuple of (s , t )-cores whose sizes add up to some w 1 , and λ g− 1 2 can be any self-conjugate (s , t )-core of w 2 , with v = 2w 1 + w 2 . The number of such λ's is thus
in this case. These yield the desired generating functions.
2.3.
Simultaneous bar-cores with common divisor. In this section, we state and prove new bar-analogues of Theorem 1.8 and Corollary 1.9.
We start with combinatorial properties of bar-partitions. For more details, we refer the reader to [25, Section 4] . At-core, ort-core partition, is any bar-partition which has no bar of length divisible by t. More generally, Cort(λ) thet-core of λ can be obtained by removing from λ all of its bars of length divisible by t. If there are w such (t)-bars, then thet-quotient Quot(λ) is an t+1 2 -tuple (λ 0 , λ 1 , . . . , λ t−1
2 ) of partitions whose sizes add up to w, where λ 0 is itself a bar-partition. The integer w is then called thet-weight of λ, and Cort(λ) is a bar-partition of n − wt. Thē t-quotient Quot(λ) is said to have t-weight w. In analogy with Proposition 2.2, we have the following:
If t is an odd positive integer and λ is a bar-partition, then, for any integer k ≥ 1, there is a canonical bijection between the set of bars of length kt in λ and the set of bars of length k in Quot(λ), where a bar in Quot(λ) is defined to be a bar in λ 0 , or a hook in any of λ 1 , . . . , λ t−1
2
. Now consider odd integers s = s g and t = t g, where g > 1. We denote by ξs ,t the generating function for the number of (s,t)-core partitions. We now have the following bar-analogues of Theorem 1.8 and Corollary 1.9. ) be theḡ-quotient of λ. Then λ is an (s,t)-core if and only if
Proof. Note that λ is ans-core if and only if λ has no bar of length divisible by s = s g. Now, by Proposition 2.6, for any k ≥ 1, there is a bijection between the set of bars of length ks = kgs in λ and the set of bars of length ks in Quoḡ(λ). Hence λ is ans-core if and only if λ 0 is ans -core and λ 1 , . . . , λ g−1 2 are s -cores. Similarly, λ is at-core if and only if λ 0 is at -core and λ 1 , . . . , λ g−1
are t -cores. The result follows.
Corollary 2.8. With the above notation, we have
where Fḡ(x) is the generating function for the number ofḡ-core partitions.
Proof. Each (s,t)-core partition λ of n is completely and uniquely determined by itsḡ-core Corḡ(λ) andḡ-quotient Quoḡ(λ). And, by Theorem 2.7, if λ hasḡ-weight w, then Quoḡ(λ) can be anyḡ-quotient (λ 0 , λ 1 , . . . , λ g−1
) of weight w such that λ 0 is an (s ,t )-core and λ 1 , . . . , λ g−1 2 are (s , t )-cores. Writing Qs ,t (g, w) for the number of suchḡ-quotients, this shows that the enumerating functionξs ,t (n) of (s,t)-cores of n is
Qs ,t (g, w)fḡ(n − gw).
Viewed as a generating function,this transforms into
We will return to these functions in Section 3 and again in Section 5.
3.
Strengthening positivity for core partitions.
In this section we consider t-cores and self-conjugate t-cores that are not g-cores, andt-cores that are notḡ-cores. We call these t\g-cores, t * \g-cores andt\ḡ-cores respectively. We first study (s, t)-core partitions that are not g-cores and (s,t)-cores that are notḡ-cores. Again our convention is to fix positive integers s and t where s = s g and t = t g, and g =gcd(s, t).
3.1. Positivity for core partitions. We begin with a succinct proof of Theorem 1.11.
Proof of Theorem 1.11. Recall that there are infinitely many g-cores if g > 1.
For any g-core γ, consider the (completely and uniquely defined) partition λ with Cor g (λ) = γ and Quo g (λ) = (λ 1 , . . . , λ g ) = ((1), ∅, . . . , ∅). Then λ 1 , . . . , λ g are certainly (s , t )-cores (since none of s and t is 1), so that, by Theorem 1.8, λ is an (s g, t g)-core. [Note that, in order to apply Theorem 1.8, we do not actually need the extra hypothesis that g = gcd(s g, t g).] Also, since Quo g (λ) = (∅, . . . , ∅), the partition λ is certainly not a g-core. Allowing γ to vary produces an infinite number of (distinct) (s g, t g)-cores which are not g-cores.
Theorem 1.12 shows that, if g ≥ 4 and t > 1, then, for any integer n ≥ g, there exists a t g-core of n that is not a g-core. Our next theorem improves this result, particularly if t ≥ 4.
Theorem 3.1. Fix integers g ≥ 4 and t > 1, and let t = t g. Then, for every n ≥ g, the numberψ t\g (n) of t\g-cores of n is bounded below by n g w=1 Q t (g, w),
where Q t (g, w) is the number of g-quotients of weight w all of whose components are t -cores.
In particular,ψ t\g (n) ≥ g. If, furthermore, t ≥ 4, thenψ t\g (n) ≥ g n g .
Proof. First note that a partition λ of n is not a g-core if and only if it has g-weight w ≥ 1. We therefore have (as in the proof of Theorem 1.8)
the last inequality holding by Theorem 1.1 since g ≥ 4.
Note that, for any w ≥ 1, we have Q t (g, w) ≥ gf t (w), as one can get g different g-tuples of t -cores of weight w by placing a t -core of w (if any exists) in any of the g positions available. We therefore get ψ t\g (n) ≥ n g w=1 gf t (w). Now, since t > 1, the partition (1) is the only t -core of 1, whence f t (1) = 1 (and, in fact, Q t (g, 1) = g), so thatψ t\g (n) ≥ gf t (1) = g, as claimed.
If, furthermore, t ≥ 4, then, by Theorem 1.1, f t (w) ≥ 1 for all w, and thus, in this case,ψ t\g (n) ≥ n g w=1 g = g n g .
3.2. Positivity for self-conjugate core partitions. We have the following selfconjugate analogues to Theorem 1.11 and Theorem 3.1.
Theorem 3.2. If s, t, g > 1, then there are infinitely many self-conjugate (s, t)-core partitions that are not g-core partitions.
Proof. Recall that there are infinitely many self-conjugate g-cores for g > 1. For any self-conjugate g-core γ, consider the (completely and uniquely defined) partition λ with Cor g (λ) = γ and Quo g (λ) = ((1), ∅, . . . , ∅, (1)). Then note that (1) is an (s , t )-core since s > 1 and t > 1. Thus λ is a self-conjugate (s g, t g)-core that is not a g-core. Allowing γ to vary completes the proof.
Theorem 3.3. Fix integers g = 8 or g ≥ 10 and t > 1, and let t = t g. Then the numberψ t * \g (n) of self-conjugate t-cores of n which are not g-cores satisfies
In particular, if g is even and n ≥ 2g, or if g is odd and n ≥ g, thenψ t * \g (n) > 0 and there exists a self-conjugate t-core of n which is not a g-core. In addition, if n ≥ 2g, thenψ t * \g (n) ≥ g 2 . If, furthermore, g is even and t ≥ 4, thenψ t * \g (n) ≥ g 2 n 2g . If g is odd and t = 8 or t ≥ 10, thenψ t * \g (n) ≥ 1 + g−1 2 n 2g . Proof. Again, note that a partition λ of n is not a g-core if and only if it has gweight v ≥ 1. Following the proof of Theorem 1.10, we see that the numberψ t * \g (n) of self-conjugate t-cores of n which are not g cores is given bŷ
Since g = 8 or g ≥ 10, we get, by Theorem 1.3,
Suppose first that g is even. If n 2g = 0, i.e. if n < 2g, thenψ t * \g (n) = 0. If, on the other hand, n ≥ 2g, then
Since t > 1, we have f t (1) = 1 (and Q t g
as claimed. In particular, there exists a self-conjugate t-core of n which is not a g-core.
If, furthermore, t ≥ 4, then, by Theorem 1.1, f t (w) ≥ 1 for all w, and thus, in this case,ψ
as claimed. Suppose now that g is odd. For any w 1 ≥ 1, we have Q t g−1 2 , w 1 ≥ g−1 2 f t (w 1 ) while, for w 1 = 0, we have Q t g−1 2 , w 1 = 1. Separating the sum according to w 1 = 0 and w 1 ≥ 1, we thus obtain
Since t > 1, we have f * t (1) = 1 (corresponding to the self-conjugate t -core (1)). In particular, if n ≥ g, thenψ t * \g (n) ≥ 1, and there exists a self-conjugate t-core of n which is not a g-core.
If n < 2g, then this is all we can say, as the second sum is empty. If, on the other hand, n ≥ 2g, then, for w 1 = 1 and w 2 = 0 (which does contribute to the second sum), we get f t (w 1 ) = f t (1) = 1 and f * t (w 2 ) = f * t (0) = 1 (corresponding to the empty partition). Hence, in this case, we haveψ t * \g (n) ≥ 1 + g−1 2 = g+1 2 ≥ g 2 , as claimed.
If, furthermore, t = 8 or t ≥ 10, then, by Theorem 1.1 and Theorem 1.3, f t (w 1 ) ≥ 1 and f * t (w 2 ) ≥ 1 for all w 1 and w 2 , and thus, in this casê
3.3.
Positivity for bar-core partitions. We have the following bar-analogues of Theorem 1.11 and Theorem 3.1.
Theorem 3.4. Let s , t , g be odd, nontrivial integers. Then there are infinitely many (s g, t g)-cores which are notḡ-cores.
Proof. There are infinitely manyḡ-cores for g > 1. For anyḡ-core γ, consider the (completely and uniquely defined) bar-partition λ with Cor g (λ) = γ and Quo g (λ) = (λ 0 , λ 1 , . . . , λ g−1 2 ) = ((1), ∅, . . . , ∅). Then λ 0 is an (s ,t )-core (since s , t = 1), and λ 1 , . . . , λ g−1 2 are certainly (s , t )-cores. Thus, by Theorem 2.7, λ is a (s g, t g)core (note here that Theorem 2.7 does not require g = gcd(s g, t g)). Also, since Quoḡ(λ) = (∅, . . . , ∅), the bar-partition λ is certainly not aḡ-core. Allowing γ to vary produces an infinite number of (distinct) (s g, t g)-cores which are notḡ-cores.
For odd integers g and t , let Qt (g, w) be the number ofḡ-quotients (λ 0 , . . . , λ g−1 2 ) of weight w such that λ 0 is at -core and λ 1 , . . . , λ g−1 2 are t -cores. Theorem 3.5. Let g ≥ 7 and t > 1 be odd integers, and let t = t g. Then, for any n ≥ g, the numberξt \ḡ (n) oft-core partitions of n which are notḡ-cores satisfieŝ
Qt (g, w).
In particular,ξt \ḡ (n) ≥ g+1 2 and there exists at-core partition of n which is not ā g-core.
Proof. Note that a bar-partition λ is aḡ-core if and only if it hasḡ-weight 0. We thus havê ξt \ḡ (n) = (since, by Theorem 1.4, fḡ(n − gw) ≥ 1 for all 1 ≤ w ≤ n g ). In particular,ξt \ḡ (n) ≥ Qt (g, 1), and Qt (g, 1) = g+1 2 since t > 1, so that (1) is both the onlyt -core of 1 and the only t -core of 1. The result follows immediately.
Bijections
Our main result in this section is Theorem 4.14: a bijection between (s,t)-core partitions and (s, t) * -core partitions when g ≥ 1 and s, t > 1 are odd. In Section 4.1, we reprove a recent bijection of J. Yang betweent-core partitions and self-conjugate t-core partitions for odd t (Theorem 1.5). In Section 4.2 we show that when s, t > 1 are odd and g = 1, then self-conjugate (s, t)-core partitions and (s,t)-core partitions are in bijection. These results, combined with results from Section 2.2 and Section 2.3, give, are the tools we use to construct our bijection in Section 4.3.
[We note that J. Wang and J. Yang [30] have recently extended the Yin-Yang diagram of Bessenrodt and Olsson to the case when s is even and t is odd. We do not consider this case here.] 4.1. A bijection between self-conjugate core and bar-core partitions. The following result is Bijection 2 in Garvan, Kim and Stanton [11] . Lemma 4.1. For any integer t ≥ 1, there is a correspondence ϕ between the set of t-core partitions and
Furthermore, if ϕ(λ) = (a 0 , . . . , a t−1 ) for some t-core λ, then the conjugate partition λ ∨ (which is also a t-core) satisfies ϕ(λ ∨ ) = (−a t−1 , . . . , −a 0 ).
[Note: Garvan, Kim and Stanton prove the existence of ϕ using t-residue diagrams. Its existence can also be derived from the study of so-called t-abacus configurations for t-cores (see [15, Chapter 2] ).] The following follows immediately from the description of ϕ(λ ∨ ) in Lemma 4.1.
Corollary 4.2. Let t > 1 be an odd integer. Then there is a correspondence between the set of self-conjugate t-cores and
Recall ∆(λ) = {h ii } is the set of diagonal hook lengths of a self-conjugate partition λ. Ford, Mai, and Sze (Proposition 3, [9] ) have another characterization of self-conjugate t-core partitions, in terms of ∆(λ), which we rewrite in the following way. In particular Lemma 4.3 (1) tells us how to recover ∆(λ), the set of diagonal hooks of a self-conjugate t-core partition, from its labeling t-tuple. Olsson has given the following ( t−1 2 )-tuple characterization oft-core partitions (Proposition (4.1) and Proposition (4.2), [25] ). Lemma 4.4. Let t be an odd integer. Then thet-core partitions can be encoded as ( t−1 2 )-tuples:
In particular, the set of parts of λ can be recovered in the following way:
We can now give a succinct proof of Theorem 1.5.
Proof of Theorem 1.5. By Corollary 4.2, if t ≥ 1 is odd, then there is a correspondence between self-conjugate t-cores and t-tuples (a 0 , a 1 . . . , 0 . . . , −a 1 , −a 0 ). By Lemma 4.4,t-cores are similarly labeled by ( t−1 2 )-tuples of integers (b 1 , · · · , b t−1
2
).
We consider the map that sends a i to b i+1 for 0 ≤ i ≤ t−3 2 . Example 4.5. Let t = 3. Then the self-conjugate 3-core partition labeled by (a 0 ) = (2, 0, −2) is in bijection with the3-core partition labeled by (b 1 ) = (2). In particular the self-conjugate 3-core λ * = (4, 2, 1, 1) such that ∆(λ * ) = {7, 1} is mapped to thē 3-coreλ = (4, 1).
We note that the map in our proof of Theorem 1.5 does not work when t is even, as the tuples that label each self-conjugate t-core partition are associated with an infinite family oft-core partitions.
4.2.
A bijection between simultaneous self-conjugate core and bar-core partitions with no common divisor. In this section we show that, when s, t > 1 are odd and g = 1, there is a bijection between self-conjugate (s, t)-core partitions and (s,t)-core partitions via their corresponding lattice paths. First we detail the lattice constructions mentioned in Section 1.4.
Ford, Mai, and Sze, in (Section 4, [9] ), construct an s 2 × t 2 lattice of odd numbers, which we call the diagonal hooks diagram, as follows. First place st − s − t in the upper left-hand corner position, labelled (1,1), in matrix notation. Then, applying Lemma 4.3 (1), we can deduct 2t for every move downwards, and 2s for every move rightward. The position (i, j) will be filled with st − s(2j − 1) − t(2i − 1) for 1 ≤ i ≤ s 2 and 1 ≤ j ≤ t 2 . Some values in the diagram of diagonals will be negative. However we let D(s, t) be the set of absolute values of all entries in the diagonal hooks diagram, and we have the following. Lemma 4.6. Let s > 1 and t > 1 be such that g = gcd(s, t) = 1. Then D(s, t) is the set of all possible diagonal hook lengths for any self-conjugate (s, t)-core partition.
In particular, positive values in one row or column can occur if and only if the absolute value of the negative values in that row or column do not. [This corresponds to condition (2) in Lemma 4.3 when applied to both s and t.] Consider the monotonic path which starts at the bottom left-most corner of the diagonal hooks diagram and ends at its right-most top corner which separates the positive values from the negative ones. We will call this the ±border. Then the diagonal hooks diagram conveniently allows for the following bijection, which is Lemma 7 in [9] . Lemma 4.7. Let s, t > 1 be such that g = 1. The self-conjugate (s, t)-core partitions are in correspondence with monotonic paths in the diagonal hook diagram that begin in the bottom left-most corner and end in the top right-most corner. In particular, if π is such a monotonic path and {d 1 , . . . , d k } is the set of values trapped between π and the ±border, then ∆(λ π ) = {|d 1 |, · · · , |d k |} for the corresponding self-conjugate (s, t)-core partition λ π . Example 4.8. Let s = 7 and t = 11. Then the 3 × 5 lattice below is the diagonal hooks diagram. The ±border is indicated by the dashed path. The self-conjugate (7, 11)-core λ * corresponding to the lattice path π (indicated by the solid black line) has diagonal hook set
This is the partition λ * = (3 3 ). Let s, t > 1 be odd and g = 1. Bessenrodt and Olsson [6] consider all possible values for parts of a simultaneous (s,t)-core partition. In an analogous argument to the one used in Lemma 1.6, such values will be of the form st − s − t − (αs − βt) for α ≥ 0 and β ≥ 0. We can visualize this in a way similar to Anderson-with a partially ordered set beginning with st − s − t in the upper rightmost corner. Each move down reduces the value by t, each move to the right reduces the value by s.
[We note that our poset orientation here is downward as opposed to Bessenrodt-Olsson's upward orientation; the reason for this will be made clear in the proof of Theorem 4. 12.] However, not all part-values contained in the poset are acceptable parts for a (s,t)-core partition. Consider 1 ≤ j ≤ t. By Olsson's characterization oft-core partitions (Equation 5(ii), Chapter 4, [25] ) either parts of residue j modulo t or t − j modulo t can appear, but not both. However, st − s − t − ( t−3 2 s − s−3 2 t) = t+s 2 , and Then (s,t)-core partitions are labeled by monotonic paths π in the Yin-Yang diagram. In particular, (λ 1 , · · · , λ k ) are the parts of λ where λ i are the values trapped between π and the Y-border.
We note that recent results by C. Deng [7] describe precisely which monotonic paths correspond to the so-called "even" (s,t)-core partitions, although we do not use that here. We are now in a position to prove the main result of this subsection.
Theorem 4.12. Let s, t > 1 be odd such that g = gcd(s, t) = 1. Then self-conjugate (s, t)-core partitions are in bijection with (s,t)-core partitions.
Proof. By Lemma 4.7, we know that the self-conjugate (s, t)-core partitions are labeled by monotonic paths in an s 2 × t 2 lattice (the diagonal hooks diagram). Consider the self-conjugate (s, t)-core λ * π determined by the diagonal hook values trapped between a monotonic path π and the ±boundary. By Lemma 4.10 we know that the (s,t)-core partitions are labeled by monotonic (as a consequence of our orientation) paths in a s−1 2 × t−1 2 lattice. We delete the values of the diagonals hook diagram and replace them with the values of the Yin-Yang diagram, leaving the path π unchanged. Then the corresponding (s,t)-core partitionλ π is the one described by the part-values trapped between π and the Y-border. The map works the same in the other direction.
Example 4.13. The self-conjugate (7, 11)-core partition λ * = (3 3 ) in Example 4.10 corresponds to the (7, 11)-core partitionλ = (6) in Example 4.12.
4.3.
A bijection between simultaneous self-conjugate core and bar-core partitions with odd, common divisor. Let s, t > 1 be odd and g > 1 be odd. Using bijections from Section 4.1 and Section 4.2, we construct a correspondence between self-conjugate (s, t)-core partitions and (s,t)-core partitions. In particular, we apply results from Section 2.2 and Section 2.3 and move from theḡ-core and g-quotient of an (s,t)-core to the g-core and g-quotient of a self-conjugate (s, t)-core.
Theorem 4.14. Let s, t be odd and such that g > 1. Then self-conjugate (s, t)-core partitions are in correspondence with (s,t)-core partitions.
Proof. By Theorem 1.8, each self-conjugate (s, t)-core partition λ is labeled by a self-conjugate g-core Cor g (λ) and g-quotient Quo g (λ) = (λ 0 , · · · , λ g−1 ) where each λ i is an (s , t )-core for 0 ≤ i ≤ g−3 2 and λ ∨ i = λ g−i−1 . In particular, since g is odd,
is a (s , t ) * -core. Consider the following map Γ.
(1) Γ sends the self-conjugate g-core Cor g (λ) to its correspondingḡ-core γ (0) , Using Theorem 1.5. (2) Γ sends the (s , t )-core λ i , for 0 ≤ i ≤ g−3 2 , to itself, renaming it γ i+1 . (3) Γ sends the self-conjugate (s , t )-core λ g−1 2 to its corresponding (s , t )-core γ 0 , using Theorem 4.12. Then set γ (0) = Corḡ(γ) and (γ 0 , γ 1 · · · , γ g−3 2 ) = Quo g (γ) for some partition γ. This, by Theorem 2.7, uniquely determines an (s,t)-core γ. Since the map goes in both directions, we are done. where Cor 3 (λ) = (4, 2, 1, 1) and Quo 3 (λ) = ((5, 3 3 , 2 2 , 1 3 ), (3 3 ), (9, 6, 4, 1, 1)) corresponds to a (21,33)-core partition γ where Cor3(γ) = (4, 1) and Quo3(γ) = ((6), (5, 3 3 , 2 2 , 1)). In particular γ = (20, 19, 18, 10, 8, 7, 4) .
The following corollary is immediate. Corollary 4.16. Let t , g > 1 be odd. The self-conjugate t g-core partitions that are not g-core partitions are in bijection with the t g-core partitions that are not g-core partitions.
Proof. This follows from Theorem 4.14 when s = t and Theorem 1.5.
Ramanujan-type congruences
Srinivasa Ramanujan was the first to notice several remarkable arithmetic properties of the partition function p(n).
In particular, he noted that, for all k ≥ 0, p(5k + 4) = 0 (mod 5), p(7k + 5) = 0 (mod 7), p(11k + 6) = 0 (mod 11).
In 1990, Garvan, Kim, and Stanton [11] proved the above congruences using, among other things, t-core partitions. They also showed that t-core partitions and self-conjugate t-cores of n satisfy Ramanujan-type congruences.
Theorem 5.1. Let f t (n) be the number of t-core partitions of n. Then, for all k ≥ 0, f 5 (5k + 4) ≡ 0 (mod 5), f 7 (7k + 5) ≡ 0 (mod 7), and f 11 (11k + 6) ≡ 0 (mod 11).
[Note: Theorem 5.1 is actually a special case of a much general result. In particular, Garvan, Kim and Stanton show (see [11, Corollary 1]) f 5 (5 α k − 1) ≡ 0 (mod 5 α ), f 7 (7 α k − 2) ≡ 0 (mod 7 α ), and f 11 (11 α k − 5) ≡ 0 (mod 11 α ). for all α ≥ 1 and k ≥ 1.]
Since then, congruences and generating functions of t-core partitions have become a rich topic of study. Recently, the second and third author made the following observation (Theorem 4.1, [21] ) about properties oft-core partitions.
Theorem 5.2. Suppose fp(n) is the number ofp-core partitions of n, where p ≥ 5 is prime and r is such that 1 ≤ r ≤ p − 1 and 24r + 1 is a quadratic non-residue modulo p. Then, for all k ≥ 0, fp(pk + r) ≡ 0 (mod 2).
To see how Theorem 5.1 and Theorem 5.2 relate to congruences for the numbers of (s, t)-core partitions and (s,t)-core partitions for g > 1, we will need the following results. where C(x) = n≤0 c(n)x n .
Proof. The proof of this result follows directly from the Cauchy product of A(x g ) and B(x).
Corollary 5.4. Consider the generating functions A(x), B(x), and C(x) as defined in Theorem 5.3. If, for all k ≥ 0, b(gk + r) ≡ 0 (mod M ) for some integer M, then for all k ≥ 0, c(gk + r) ≡ 0 (mod M ).
We use Corollary 5.4 to identify congruences in arithmetic progressions satisfied byψ s,t (n) andξs ,t (n) for specific families of values of s and t. We begin withψ s,t (n). Proof. Using the notation from Theorem 1.9, let F g (n) be the number of g-core partitions of n. The result follows directly from Theorem 5.1, Theorem 1.9 and Corollary 5.4.
Corollary 5.6. Let s and t be chosen so that g ∈ {5, 7, 11} respectively. Letψ tḡ be the number of t-cores that are not g-cores. Then, for all k ≥ 0, ψ t/g (gk + r) ≡ 0 (mod g).
Proof. The number of t-cores of n that are not g-cores is given bŷ ψ t/g (n) = w≥1 Q t (g, w)f g (n − wg) by Theorem 3.1. Since, when n = gk + r, each f g (n − wg) is of the form f g (gk + r − wg) = f g (g(k − w) + r), the result follows from Theorem 5.1.
From Theorem 2.8, we see that ξs ,t (x) = ξs ,t (x g )ψ s ,t (x g )
is the generating function for the number ofḡ-core partitions. Using the notation of Theorem 5.3, we see that
where A(x) = ξs ,t (x g )ψ s ,t (x g ) g−1 2
and B(x) = Fḡ(x).
In this context, it is easy to prove the following parity results satisfied byξs ,t (n) for specific values of s and t.
Theorem 5.7. Let s > 1 and t > 1 be such that g ≥ 5 is a prime. Let r be an integer, 1 ≤ r ≤ p − 1, such that 24r + 1 is a quadratic nonresidue modulo p. Then, for all k ≥ 0,ξs ,t (gk + r) ≡ 0 (mod 2).
Proof. Theorem 5.2 gives us the parity of the values Fḡ(gn + r). An application of Corollary 5.4 completes the proof of this theorem.
Corollary 5.8. Let t = t g, where g ≥ 5 is a prime. Let r be an integer, 1 ≤ r ≤ p − 1, such that 24r + 1 is a quadratic nonresidue modulo p. Then, for all k ≥ 0, ξt /ḡ (gk + r) ≡ 0 (mod 2).
Proof. Note that the result is obvious if t = 1, in which caseξt /ḡ (gk + r) = 0 (as eacht-core is aḡ-core). If, on the other hand, t > 1, then the number of partitions of n ≥ g which aret-cores but notḡ-cores isξt /ḡ (n) = w≥1 Qt (g, w)Fḡ(n − gw), by the proof of Theorem 3.5.
